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. INTRODUCTION

In 2007, Huang et al[1] generalized the concept of a metric space by considering vector valued-metrics with values in
an ordered real Banach Space and introduced cone metric space; the set R of real numbers was replaced by an ordered
Banach space E. They defined the convergence via interior points of the cone by which the order inBanach spaceE is
defined. They proved some fixed point theorems of contractive mappings. After that, many authors established the
results of contractive mappings in cone metric space. But there are very few results about expanding mappings in the
literature.

Recently, in 2013 H. Liu et al [2] announced the notion of cone metric space over Banach algebra by replacing Banach
space by Banach algebra and obtained some fixed point theorems of generalized Lipschitz mapping by replacing the
constant k with spectral radius (k) which is weaker condition.

In this paper we obtained fixed point theorem of expanding mapping on cone metric space over Banach algebra.

1. PRELIMINARIES

Let A be a real Banach algebra. i.e. A is a real Banach space in which an operation of multiplication is defined subject
to the following properties, forall x,y,z € A, € R

1. (xy)z=x(yz)

2. x(y+z)=xy+xzand (x +y)z =xz+yz,

3. a(xy) = (ax)y = x(ay);

4. lxyll < llxllllyl
In this paper we assume A is a Banach algebra with a unity (i.e. a multiplicative identity) e such that ex = xe = x for
all x € A. An elements x € A is said to be invertible if there is an inverse element y € A4, such that yx = xy = e. The
inverse of x is denoted by x~1.[3]
Proposition 2.1:[3 ] Let A be a Banach algebra with a unit e, and x € A. If the spectral radius r(x) of x is less than 1
i.e.,
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1 1
r(x) = lim|[x™|[» = inIIIx”IIH <1
n—-oo nz
then e — x is invertible . Actually

[ee)

(e—x)1= in.

i=0

Now recall the concepts of cone for a Banachalgebra A. A subset P of A is called a cone of A if

1. P isnon-empty closed and {e, 6} c P;

2. aP + BP c Pfor all non-negative real numbers «, §;

3. P2=PPcP,

4. Pn(-P)={s},
Where 8 demotes the null of the Banach algebra A. for a given cone P c A, we can define a partial ordering < with
respect to P by x <y if and only if y —x € P.x <y will stands for x <y and x # y, while x « ywill stand for
y — x € intP, intP denotes the interior of P. The cone P is called normal if there is a number K > 0 such that
forallx,ye A, 0<x<y= lxl|l <Kllyll
The least positive number satisfying above is called the normal constant of P. [1]
Definition 2.2:([2])Let A be a Banach algebra. Let X be a nonempty set. Suppose that a mapping d: X x X — A
satisfies the following conditions:

1. 0<d(x,y)forallx,y € X, andd(x,y) =0iffx =y.

2. d(x,y) =d(y,x)forallx,y € X

3. d(x,y) <d(x,z)+d(z,y)forallx,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric space over Banach algebra A.

Example2.3:([2]) Let A= M,(R) =a = {(aif)nxnl a; ER, forall1<i,j< n}be the algebra of all n-square real
matrices, and define the norm
lall= > layl

kl<ijsn
Then A is a real Banach algebra with the unit e the identity matrix.
Let P ={a € Ala;; 20, for all 1 < i,j < n}. ThenP c A is anormal cone with normal constant K = 1.
Let X = M, (R), and define the metric d: X x X — A by

d(x,y)=d ((xij)an’ (yij)nxn) = (Joei; - yifann €A
Then (X, d) is a cone metric space over Banach algebra A with normality.
Example2.4:([2]) Let A = C%[0,1] and define a norm on A by |[x]| = lIx|l., = ll%]l, for x € A. Define multiplication
in A as just pointwise multiplication. Then A is a real unital Banach algebra with unite = 1.
Theset P = {x € A:x = 0} isacone in A. Moreover, P is not normal.
Let X ={1,2,3}. Defined: X x X - A by d(1,2)(t) =d(2,1)(t) = d(2,3)(t) = d(B.2)(t) = e?,
d(1,3)(t) = d(3,1)(t) = 2et,d(x, x)(t) = 0. We see that (X, d) is a cone metric space over Banach algebra A without
normality.

Definition 2.5: ([1,2])Let (X, d)be a cone metric space over Banach algebra A. Let {x,,} be a sequence in X then:
1. {x,} converges to xwhenever for each ¢ € A with 6 « c there is a natural number N such that d(x,,x) « c,
for all n > N. We denote this by lim,_,. x, =x or x, - x (n > ).
2. {x,}is Cauchy sequence whenever for each ¢ € A with 8 « ¢ there is a natural number N such that
d(x,,xy,) < ¢, forallm,m = N.
3. (X, d)be a complete cone metric space, if every Cauchy sequence in X is convergent in X.
Lemma 2.6: ([4]) If E is a real Banach space with a solid cone P and ifd < u « cforeach 8 < cthen=6.
Lemma2.7: ([4])If E is a real Banach space with a solid cone P and if ||x,, || = O (n - ), then for any 6 « c there
exists N € N such that, for any n > N,we have x,, < c.
Remark 2.8: ([5]) If (k) < 1then [|[k™|| - O (n - ).
Lemma2.9: ([6])The limit of a convergent sequence in a cone metric space is unique.
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1. MAIN RESULTS

Definition 3.1: ([7]) Let P be a solid cone in a Banach space A. A sequence {x,} c P is a c-sequence if for each
¢ > 0 there exists ny € N such that x,, < ¢ forn > n,.

Proposition 3.2:([7]) Let P be a solid cone in a Banach space A. A sequence {x,}and {y,}be a sequences in P. If
{x,,Yand{y, } are c-sequences anda, f > 0, then {ax,, + By,} is a c-sequence.

Proposition 3.3:([7]) Let P be a solid cone in Banachalgebra A. A sequence {x,, }be a sequencein P. Then the following
conditions are equivalents:

(1) {x,}a c-sequence.

(2) For each ¢ > 0 there exists n, € N such that x,, < ¢ for n = n,.

(3) For each ¢ > 0 there existsn, € N such thatx,, < c forn = n,.

Proposition 3.4: ([5]) Let P be a solid cone in a Banach algebra A. A sequence {x,, }be a sequence in P. Suppose that
k € P is an arbitrarily given vector and {x,,} is a c-sequence in P. Then {kx,} is a c-sequence.

Proposition 3.5:([5]) Let A be a Banach algebra A with unit e, P be a cone in A and < be semi-order generated by the
cone P. The following assertion hold true.
(1) Foranyx,y € A ,a € P withx < y,we have ax < ay.
(2) For any sequence {x,}, {y,} € Awithx, - x (n - ©)and y, - y(n > ) where x,y € A, we have
XnYn = xy(n = ).

Proposition 3.6: ([5]) Let (X, d) be complete cone metric space over a Banach algebra A and let P be the underlying
solid cone in Banach algebra A. Let {x,} be a sequence in X. If {x,,} converges to x € X, then we have:

(1) {d(x,,x)}is ac-sequence.

(2) Foranyp €N, {d(x,,xnp)}, is a c-sequence.

Now we define generalized expanding mappings.

Definition 3.7: Let (X, d) be a cone metric space over Banach algebra A and T : X — X. Then T is called a generalized
expanding mapping, if for every x,y € X there exists k € P with r(k) > 1suchthatd(Tx,Ty) = kd(x,y).

Now we shall prove some fixed point theorems of generalized expanding mapping in the setting of cone metric space
with Banach algebra.

Lemma 3.8: ([3])Let A be a Banach algebra, if x is invertible, 1 € a(x)if and only if 17t € a(x™1).
Lemma 3.9: Let A be a Banach algebra A with unitye, P be a cone in A if x is invertible such that r(x) > 1 then
r(x"1) <1
Proof:By definition of spectral radius
r(x) = sup{l1]: Aeo(x)}
Let r(x) > 1.
i.e. 7(x) = sup{ll: dlea(x)}> 1
ie|li]>1
Therefore, 4|7t < 1
Soja <1
Sosup{|A7l]: 1 tea(x 1)} < 1
ierx)<1m

Theorem 3.10:Let (X, d) be a complete cone metric space over Banach algebra A and let the mapping
T: X — X be onto and satisfies the condition
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d(Tx,Ty) = kd(x,y) (1)

forall x,y € X, and k € P,k is invertible wherer(k) > 1 .Then, T has a fixed point in X.
Proof:Since T: X — X is onto mapping so for each x, € X, there existsx; € X such that Tx; = x,
Similarly, for each n >1 there exists x,,,; € X such that x, = Tx,,1.

If x,_y = x, then x,, , is a fixed point of T

Thus, Suppose that x,,_, # x,foralln > 1.

Then

d(xp, %p_1) = d(Txp4q1, Txy)
= k(d xp4q, %)
= kd(xn, Xp41)
dQen, Xpe1) < k71d(x,, Xp_1)
= hd (x,_1, %), where h = k=1

Sincer(k) > 1 sobylemma3.9 r(h) =r(k™!) <1
Form this we get d (x,, X,41) < h"d (x4, x;)Where h = k™t and
Now for n < m we have by triangle inequality

d(xnxm) <d (xnrxn+1) +d (xn+1,xn+2) +oetd (xm—l,xm)
< (R + W+ ™) d (%, %, )
S h*e+h+h2+n3+. + W™ 1) d (xg,%;)
< h™(e — h)1d(xq, x1).

By Remark 2.8 and lemma 2.7 it follows that, for ¢ € A with 8 « c, there exists N € Nsuch that, for any m >n > N,
we have

d(x,, %) < h™(e — h)7rd(xg,x;) K c.

Which implies that {x,,} is a Cauchy sequence.

Since X is complete, there exists g € X such that Tx,,,, = x, = q(n — ),
Consequently, we can find a r € X such that Tr = q. Now we show that r = q
Substituting x = r,y = x4, in (1), we get

d(q,x,) =d(Tr,Tx,yq) = kd(r, x,,1)

By Triangle inequality, we have

d(q,x,) < d(q, Xn41) + d(Xp41, %)
d(q, xn+1) + d(xn+1rxn) 2 kd(rr xn+1)
d(rr xn+1) < k_l(d(qrxn+1) + d(xn+1rxn))
d(r, xp41) < h(d(q, xp41) + d(Xp11, %))

From the definition 3.1 Proposition 3.2, 3.3, 3.4 and 3.6 we have d(r, x,,,,) < y, where y,, is a c-sequence in cone P.
Hence, for each ¢ » 8 we have d(r, x,,1) < ¢, sod(r,x,,,) =6
S0 x,,4; — r From lemma2.9 we have r = q. &
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